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A stability criterion for linear systems with nonlinear time-varying delayed
perturbations has been derived in light of Razumikhin-type methods. As the
proposed criterion is easily applicable and independent of the delay size, it provides
an effective method for the stability analysis of time-delay systems. Q 1999 Aca-
demic Press
1. INTRODUCTION
The system stability and convergence properties are strongly affected by
delays, which are common in both biological and man-made systems. Since
the delays are often sources of system instability, the stability analysis of
time-delay systems has received considerable attention over the decades
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w x1]9, 11]15 . There are two approaches, delay dependent and delay
independent, in the stability analysis of time-delay systems. In this paper,
the authors present a delay-independent stability criterion.
The delays in practical systems are usually time varying, and sometimes
strongly time varying due to, for example, the finite switching speed of
w xamplifiers 4 . It is therefore important to study the stability for the
systems with time-varying delays. There have been some important contri-
w x w xbutions by the authors 3]5 , Cheres, Palmor and Gutman 1 , Lehman and
w x w xShujaee 6 , and Wu and Mizukami 15 . In light of Razumikhin-type
w xtheorems 2 , the bounds of delayed nonlinear perturbations have been
w xobtained by Cheres, Palmor, and Gutman 1 . Improved stability criteria
for linear dynamical systems subject to delayed time-varying and nonlinear
w xperturbations have been derived by Wu and Mizukami 15 . Lehman and
w xShujaee 6 presented sufficient delay-independent stability conditions for
a general class of nonlinear time-varying functional differential equations.
Hou and Qian presented a stability criterion for LQ regulators with
w xtime-varying input delay 3 , and investigated the quantitative stability
w xdescription of Razumikhin-type approaches 5 . In this paper, we present
an alternative approach to guarantee the stability of linear systems with
nonlinear time-varying delayed perturbations based on Razumikhin-type
approaches.
The remainder of this paper is organized as follows. Necessary mathe-
matical preliminaries are given in Section 2. The main result is derived in
Section 3, and the conclusion is obtained in Section 4.
2. PRELIMINARIES
Consider an autonomous system with delayed nonlinear perturbations
described by the following functional differential equation of the form
x t s Ax t q f t , x t y h t , . . . , x t y h t , 1Ž . Ž . Ž . Ž . Ž .Ž .Ç Ž .Ž .1 q
Ž . nwhere t g R is the ``time,'' x t g R is the current value of the state,
n=n Ž .A g R is an asymptotically stable matrix. The function f : t y h, q‘0
= Rnqq “ Rn is a time-varying nonlinear continuous function, and for any
Ž . Ž .i 1 F i F q , the time delay h t is any nonnegative, bounded function.i
Ž . Ž .Let 0 F h t F h, for all i 1 F i F q , where h is a constant. The initiali
Ž .condition for System 1 is given by
x t s c t , t g t y h , t , 2Ž . Ž . Ž .0 0
Ž . ? @where c ? is a continuous function on t y h, t .0 0
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5 5 5 5Let ? denote the vector norm, ? denote the k-norm, and k s 1, 2,k
Ž . n=n Tor ‘. If A s a denotes an arbitrary matrix in R , then Ai j n=n
5 5denotes the transpose of A. A denotes the matrix norm of A inducedk
5 5by the vector norm ? , and the corresponding matrix measure of Ak
5 5induced by the vector norm ? is defined byk
5 5I q j A y 1k
m A s lim . 3Ž . Ž .k q jj“0
w xThe matrix A is quasi-dominant 11 if there exists a set of real d ) 0i
such that
< <d a ) d a . 4Ž .Ýi i i j i j
j/i
qŽ .If u: R “ R is a continuous function, then D u denotes the right-hand
derivative of u and
< <u s sup u t q u . 5 4Ž . Ž .ht
w xug yh , 0
Ž . 5 Ž .5 Ž . mIf u t s x t , where k s 1, 2, or ‘, and x t g R , then we denotek
5 5 < <x s u .k h ht t
Ž .Assume that the system 1 can be divided into l subsystems such that
l
i j i 1 2 lx t s A x t q f t , x , x , . . . , x , 6Ž . Ž . Ž .Ç Ž .Ý i j t t t
js1
i n i i n =ni i jŽ . Ž ? @.where x g R , x s x t q u , u g yh, 0 , A g R , 1 F i, j F l,t i j
and Ýl n s n. For every i, f i is an n -dimensional function such thatis1 i i
 4 lthere exist l nonnegative numbers w such that the following condi-i j js1
tion holds. Thus,
l
i 1 2 l j5 5f t , x , x , . . . , x F w x , 7Ž .Ž . Ý k hkt t t i j t ji
js1
where k s 1, 2, or ‘. Moreover, assume there exists a set of positivei
 4 l 5 j 5 5 j 5numbers « ) 0 such that for all 1 F i, j F l, x F « x .k ki j i, js1 i ji j
Ž . Ž .For System 1 , the matrix M s m is defined byi j l=l
ym A y w i s j ,Ž . Ž .k i i i iim s 8Ž .i j ½ 5 5y A « y w i / j .Ž .ki j i j i ji
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Ž .Then M s m is quasi-dominant if and only if all leading principali j l=l
w xminors are positive 10 .
3. MAIN RESULT
It is the purpose of this section to determine sufficient conditions in
Ž .which the trivial solution of 1 is globally asymptotically stable. The
following lemmas are necessary in the proof of our main result.
Ž .LEMMA 1. If M s m is quasi-dominant, then there exists a positi¤ei j l=l
Ž .number r ) 0 such that M s m is also quasi-dominant, where M isi j l=l
defined as
r h¡ym A y e w i s j ,Ž . Ž .k i i i ii~m s 9Ž .i j r h¢ 5 5ye A « q w i / j .Ž .Ž .ki j i j i ji
Ž .Proof. Since M s m is quasi-dominant, there is a set of positivei j l=l
 4 lreal d ) 0 such thati is1
< <d m ) d m . 10Ž .Ýi i i j i j
j/i
Now, define the following function
y1 < <g r s min m y d d m . 11Ž . Ž .Ýi i i j i j½ 5
1FiFl j/i
Ž . Ž .From 10 , it can be found that g 0 ) 0. According to the properties of
continuous functions, there exists a positive number r ) 0 such that
Ž .g r ) 0. From the definition of the quasi-dominant matrix, the proof is
completed.
Ž .LEMMA 2. For any subsystem 6 , we obtain that
q i i i j5 5 5 5 5 5 5 5 5 5D x F m A x q w x q A « q w x .Ž .  4Ž . Ýk k k h k k hk i i i i t i j i j i j ti i i i ji
j/i
12Ž .
w xProof. Using the similar proof technique of the theorem in Ref. 6 , the
proof is easy to verify.
Now, for any x g Rn, define the vector norm as
5 5 y1 5 i 5x s max d x . 13Ž . 4ki i
1FiFi
Then we have the following main results.
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Ž . Ž .THEOREM. If M defined in 8 is quasi-dominant, then 1 is globally
asymptotically stable. The decay estimate can be gi¤en as
yr Ž tyt .05 5x t F x e , for all t G t , 14Ž . Ž .ht 00
 Ž .4where r s min r, g r ) 0, and r as defined in Lemma 1.
Proof. For every t G t , define0
y1 j 5 5K t s j ‹ d x t s x , 15Ž . Ž . Ž .k½ 5jj
Ž .then, according to the property of continuous function x t , there exists a
Ž . Ž . w .positive number d such that K t q h : K t for all h g 0, d , and hence
x t q h y x tŽ . Ž .qD x t s limŽ .Ž .
hqh“0
y1 i y1 imax d x t q h y max d x tŽ . Ž . 4  4k ki ii i
Ž . Ž .igK tqh igK ts lim
hqh“0
y1 i y1 imax d x t q h y max d x tŽ . Ž . 4  4k ki ii i
Ž . Ž .igK t igK ts lim
hqh“0
y1 i y1 id x t q h y d x tŽ . Ž .k ki ii iF lim max ½ 5hq Ž .igK th“0
y1 q 5 i 5F max d D x . 16Ž . 4Ž .ki iŽ .igK t
Ž .Thus, from 16 and Lemma 2, we have
q y1 l5 5D x t F m A x t q w d xŽ . Ž . Ž .Ž . k hk l l l l l t ll
d j y1 j5 5 5 5q A « q w d x , 17Ž . 4Ý k k hl j l j l j j tl jdlj/l
Ž .where l g K t and satisfies
y1 q l y1 q id D x t s max d D x t . 18Ž . Ž . Ž . 4k kŽ . Ž .l il i
Ž .igK t
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r hŽ . 5 5 5 Ž .5From 17 , it can be concluded that if x F e x t , thenht
djq < <D x t F y m y m x tŽ . Ž .Ž . Ýl l l jž /dlj/l
F yg r x t F yr x t . 19Ž . Ž . Ž . Ž .
w xFollowing from the Corollary 2.2 in 5 , the proof is completed.
Remark 1. The above theorem presents delay-independent stability
robustness conditions for linear systems with nonlinear time-varying de-
layed perturbations. The delay functions may not be continuous as long as
Ž .the solution of System 1 is continuous.
Remark 2. If k s k for 1 F i F l, then we can let « s 1 for 1 F i,i i j
w xj F l. In such cases, we obtain the results in 8 under special assumptions
of f. From the above theorem, it can be found that our result obtained in
Ž .the above theorem provides a decay estimate of the solution of System 1 .
w xThis cannot be achieved by using the results in 8 .
In order to illustrate the applications of our result, we present three
examples.
EXAMPLE 1. Consider the case in which we let q s 1, and there exists a
nonnegative number b such that
f t , x t y h t F b x t y h t . 20Ž . Ž . Ž .Ž . Ž .Ž .1 1 22
Ž .With the aid of a similarly transformation matrix T , System 1 can be
transformed into
Ä y1z t s Az t q T f t , Tz t y h t , 21Ž . Ž . Ž . Ž .Ž .Ç Ž .1
with an initial condition
y1z t s T c t , t g t y h , t , 22Ž . Ž . Ž .0 0
y1 Ä y1where z s T x, A s T AT.
Ž . y1 Ž Ž Ž ...Let p t, z s T f t, Tz t y h t . Through simple computation, wet 1
can obtain the inequalities as
n
y1 j5 5 5 5 < <p t , z F b T T z , for 1 F i F n. 23Ž . Ž .Ý2 2 hi t t
js1
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Now, consider a simple example in which the matrix A is given by
y3 y2A s . 24Ž .1 0
w x ŽCheres, Palmor, and Gutman 1 give a bound b - 0.178 after transfor-
. Ž . Ž .mation for System 1 with 24 . By employing the transformation matrix,
w xa s 0.5 and Q, which are defined in 15 , Wu and Mizukami obtain a
bound b - 0.2389. If they employ the transformation matrix and Q as
0.7416 y0.2873 3.9994 0.0231, , 25Ž .y0.0628 0.6843 0.0231 0.0006
w xthe result obtained in 15 can be extended to be b - 0.3027.
w x Ž .By using the result obtained by Lehman and Shujaee 6 , for System 24 ,
it can be found that
Äm AŽ .2
b - y . 26Ž .y15 5 5 5T T2 2
Let the transformation matrix
0.7417 y0.2879T s , 27Ž .y0.0631 0.6854
Ž .from 26 , it can be found that b - 0.3029.
Here, we employ the transformation matrix
0.7071 y0.7071T s . 28Ž .y0.7071 y0.7071
Then
y1 3ÄA s .
0 y2
Ž .We let the subsystems be a one-dimensional system. Therefore, from 23 ,
M can be defined as
1 y b y3 y b
M s . 29Ž .yb 2 y b
w x Ž .From 10 , we can get the range of b such that 29 is quasi-dominant.
Hence, from the theorem, we can obtain a bound b - 0.3333. It is obvious
that our result is less conservative than the ones reported so far in the
related literature in this example.
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EXAMPLE 2. Let us consider the following example,
h 0y3 y2 1x t s x t q x t y h tŽ . Ž . Ž .Ž .Ç 11 0 0 0
0 0q x t y h t , 30Ž . Ž .Ž .20 h2
Ž .where h ) 0 and h ) 0. By introducing the transformation matrix 28 ,1 2
Ž .30 is changed into
y1 3 1 y1z t s z t q 0.5h z t y h tŽ . Ž . Ž .Ž .Ç 1 10 y2 y1 1
1 1q 0.5h z t y h t . 31Ž . Ž .Ž .2 21 1
So, we can get the matrix M defined as
1 y 0.5 h q h y3 y 0.5 h q hŽ . Ž .1 2 1 2M s . 32Ž .y0.5 h q h 2 y 0.5 h q hŽ . Ž .1 2 1 2
Ž .The matrix 32 is quasi-dominant if
h q h - 0.6666. 33Ž .1 2
Ž . Ž . Ž .Hence, 30 is asymptotically stable if 33 holds. For System 30 , we can
w xalso analyze the stability by using the results in Remark 3 in 13 . The
w xstability condition in 13 is stated as
h 2 q h 2 - 0.0893. 34Ž .1 2
Obviously, our result is better in this example.
EXAMPLE 3. Consider the following system:
y1 0.5 0.1 0.1
3.5 y4 0.1 0.1x t s x tŽ . Ž .Ç 0 0 y1 2
0 0 0 y2
0.1 sin x t y h tŽ .Ž .1 1
2 2'3.07 x t y h t q x t y h tŽ . Ž .Ž . Ž .3 2 4 2q . 35Ž .
0.01 x t y h tŽ .Ž .2 3
0.3 x t y h tŽ .Ž .3 4
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1 w xT 2 w xTLet x s x x , x s x x , k s ‘, k s 2, and1 2 3 4 1 2
1 1 0.1 3.07
« s , w s . 36Ž . Ž . Ž .i j i j2=2 2=2' 0.01 0.32 1
It can be computed that
0.4 y3.27M s . 37Ž .ž /y0.01 0.0820
Ž . Ž .It is easy to verify that 37 is quasi-dominant. Hence, System 35 is
exponentially stable.
4. CONCLUSION
An alternative criterion has been proposed in this paper to guarantee
the stability of linear systems with nonlinear time-varying delayed pertur-
bations based on Razumikhin-type methods. The proposed criterion can be
easily applied due to the existence of a simple test for quasi-dominance
w x10 . Examples have been given to demonstrate the effectiveness of the
proposed method in the system stability analysis with time-varying delays.
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